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Coupler Curve

ME 322 Kinematic Synthesis of Mechanisms

A point P in the coupler of a four-bar linkage traces a curve in 
the world frame W.

In the reference position, we have the vectors Z5=P-A and 
Z6=P-B.

For each value of the input angle 𝛾, compute the output angle 
𝜂 and the coupler angle 𝜑.  Then the new coordinates  
P(𝛾) are given by

P(𝛾) = ZO + 𝜸Z1  + 𝝋Z5.

Notice that the same curve can be defined in terms of the 
output crank Z3 and the angle 𝜂, given by,

P(𝜂) = ZC + 𝜼Z3  + 𝝋Z6.

The curve P(𝛾) or P(𝜂) traced by the point P as the linkage 
moves is called a coupler curve.



Parameterized Curve

ME 322 Kinematic Synthesis of Mechanisms

A parameterized curve P(t)=(Px(t), Py(t)) consists of functions 
that define the x and y coordinates for each value of a 
parameter t, or, in the case of a coupler curve, the drives 
angles 𝛾 or 𝜂.

Associated with a curve P(t) is its unit tangent vector T, defined 
by,

where the dot denotes the derivative with respect to t.  Use T to 
define unit normal vector N = [J]T.  

The arc-length parameter s for the curve is defined by

  

which yields the relationship,

where v is the velocity of a point moving along the curve. 



Tangent and Normal Vectors
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Because the magnitude of the unit tangent vector T is constant, we 
have the identity,

Thus, dT/ds is perpendicular to T.  The function 𝜅 = N.dT/ds is 
defined as curvature, therefore

Notice that in the plane 𝜅 is positive of the curve bends toward N 
and negative if it bends away.

Because T.N=0, we have

This shows that dN/ds = -𝜅 T.  The pair of equations, 

are known as the Frenet equations of plane curves.



Curvature and Rate of Change of Curvature
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The velocity and acceleration vectors of a point moving along a 
coupler curve can be defined in terms of its unit tangent and unit 
normal vectors, 

which provides a formula for the curvature, 𝜅, as

The radius of curvature 𝜌=1/𝜅, defines the osculating circle, which is 
the circle that best fits the curve P(t) to the second derivative.

The rate of change of the curvature can now be computed to be

If d𝜅/dt=0, then the curvature of the P(t) is said to be stationary, and 
the osculating circle fits this curve to the third derivative.



Coupler Point Trajectory
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Coupler Point:
Consider the coupler point defined by P(𝛾) = O + Z1  + Z5.  

Introduce the vectors Z7 =V-A and ZP=P-V, so we have  
P(𝛾) = O + Z1  + Z7 + ZP

 From the definition of the velocity pole V we have Z1 = a eOA 
and Z7 = r24 eOA.

In order to calculate the curvature of the coupler point trajectory we 
require, 

Notice that V= O + Z1  + Z7 so this set of equations can also be 
written as



The Angular Velocity Parameter
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The vector ZP=P-V is a relative vector that rotates with the coupler link, so we can compute,

If we define movement of the linkage by the rotation of the coupler link, then we can choose to 
require that 𝜔𝜑 to be a constant so that 𝛼𝜑 = d𝛼𝛾/dt  = 0.  This simplifies the derivatives of ZP,

This choice of parameter is known as the angular velocity parameterization.  

This does requires that we compute the angular velocity 𝜔𝛾, angular acceleration 𝛼𝛾 and rate of 
change of the angular acceleration d𝛼𝛾/dt of the input crank in terms of the angular velocity 
parameter, 𝜔𝜑.



Trajectory of the Velocity Pole I
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We now compute the derivatives of the coupler point that coincides with the velocity pole, that is

Velocity:
Recall that velocity pole is defined as the point in the coupler that has zero velocity, therefore, we 

have

This is equivalent to the requirement that the speed ratio 𝜔𝜑/𝜔𝛾 = - r24/a.

Acceleration:
The acceleration of the point that coincides with the velocity pole can be computed directly to be

For 𝜔𝜑 = constant, we have 𝛼𝜑= 0, that is

The acceleration loop equations of the four-bar are used to determine 𝛼𝛾.



Trajectory of the Velocity Pole II
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Rate of Change of Acceleration:
The the rate of change acceleration of the point that coincides with the velocity pole can be computed 

to be

For 𝜔𝜑 = constant, we have 𝛼𝜑= 0 and d𝛼𝜑/dt =0 therefore

The rate of change of acceleration loop equations of the four-bar are used to determine d𝛼𝛾/dt.



Loop Equations I
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The position loop equation of a four bar linkage is given by

Velocity:
The first derivative of this equation yields the velocity loop equations,

Solve this equation to obtain,

Acceleration:
The second derivative of this equation yields the acceleration loop equations,

Set 𝛼𝜑 = 0 and solve these equations to obtain,



Loop Equations II

ME 322 Kinematic Synthesis of Mechanisms

Rate of Change of Acceleration:
The third derivative yields the rate of change of acceleration loop equations,

Set 𝛼𝜑 = d𝛼𝛾/dt  = 0 and solve these equations to obtain,
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Canonical Coordinate Frame I
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In order to study the trajectories of the points in the coupler, we 
introduce a coordinate frame located at the velocity pole V, 
with its y-axis ey directed along the acceleration vector of the 
pole, then the x-axis ex = -[J] ey.  

The frame defined ex and ey is known as the canonical coordinate 
frame.

Recall that the acceleration of V is given by

The parameters 𝜔𝜑, 𝜔𝛾, and 𝛼𝛾 are known from the solutions of the 
loop equations and their derivatives.  

Now introduce the parameter b2 defined so we have
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Canonical Coordinate Frame II

ME 322 Kinematic Synthesis of Mechanisms

The rate of change of acceleration of the pole can also be 
calculated in the canonical coordinate fame ex and ey.

Recall that the rate of change of acceleration of V is given by

The parameters 𝜔𝜑, 𝜔𝛾, 𝛼𝛾 and d𝛼𝛾/dt are known from the 
solutions of the loop equations and their derivatives.

Now, introduce the parameters a3 and b3 so we have

The parameters 𝜔𝜑, b2, a3 and b3 define the coupler movement 
and the trajectories of all the coupler points to the third 
derivative.
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Curvature of Coupler Curves
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The trajectory of a coupler point P(𝛾) = V  + ZP is defined in the reference 
position by the derivatives,

Introduce the components 

Then, we have,

The curvature 𝜅 of the coupler curve P(𝛾) is given by,
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Inflection Circle
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The formula for the curvature of the coupler curve P(𝛾) 
can be used to determine the set of points in the 
coupler that have zero curvature, that is

The set of points that satisfy this equation have the 
property that their coupler curve has zero 
curvature.  Points with this property are said to be 
at a point of inflection, therefore this curve is 
called the inflection circle,

Complete the square in this equation to obtain,

Thus, the inflection circle has diameter b2 with its 
center on the y-axis of the canonical frame.
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Euler-Savary Equation
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Define the P(𝛾) in polar coordinates relative to the canonical coordinate frame to obtain,

Then the formula for curvature can be written in the form

The center of curvature for P(𝛾) is

And the point where the path normal intersects the inflection circle is given by 

Thus, the formula for curvature can be rewritten as,

which becomes,                                                    or 

This is known as the Euler-Savary Equation. 
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Inflection Circle for a Four-bar Linkage
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The Euler-Savary Equation provides a way to calculate points on 
the inflection circle using pivots of the input and output cranks 
of a four-bar linkage.

Input crank:
For the input crank OA we have R=r24 and RC=(a+r24), therefore 

we can compute

This defines the point AI on the inflection circle,

Output crank:
For the input crank B we have R=s24 and RC=(b+s24), therefore we 

obtain the point BI on the inflection circle,

Thus, the three points V, AI and BI can be used to construct the 
inflection circle.



ME 322 Kinematic Synthesis of Mechanisms

Construction of the Inflection Circle

ME 322 Kinematic Synthesis of Mechanisms

The Hartenberg and Denavit show that the Euler-
Savary Equation provides a way to construct 
points on the inflection circle associated with 
the input and output cranks.

1. Draw an arbitrary line u through the moving 
pivot B;

2. and an arbitrary line v through the pole that 
intersect at F;

3. Draw the line w through the fixed pivot A that is 
parallel to v and intersects u at G ;

4. Draw the line x through G and the pole;
5. Draw the line y through F that is parallel to x.  Its 

intersection H with the line through A and B 
is the desired point on the inflection circle.

Repeat the construction for the second crank, the 
inflection circle passes through these two points 
and the pole.
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Cubic of Stationary Curvature
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Recall that the derivatives of the coupler point trajectory P(𝛾) are given by

Therefore we compute the rate of change of curvature of the trajectory to be

The points in the coupler that have d𝜅/dt=0 lie on the cubic of stationary curvature defined by

The pole V and the moving pivots A and B of the four-bar linkage lie on this curve.
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Cubic of Stationary Curvature
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The cubic of stationary curvature takes a useful form using polar coordinates,

First, rewrite the equation for 𝐶 in the equivalent form, 

Substitute polar coordinates to obtain,

This is also called the circling point curve and is often written in the form

where
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Construction of the Circling-point Curve

Given a four bar linkage we can construct the circling 
point curve for its coupler.  First construct the 
inflection circle and the canonical coordinate frame.

1. Through the moving pivot B construct the line 
perpendicular to the BV.  The intersection of this 
line with the canonical frame and the pole V forms 
a rectangle with the fourth vertex B*.

2. Through the moving pivot C construct the line 
perpendicular to the CV.  The intersection of this 
line with the canonical frame and the pole V forms 
a rectangle with the fourth vertex C*. 

3. Select a point W on the line B*C*.  Construct 
rectangle formed by the pole V and lines parallel 
to the canonical frame through W, that intersect 
the the canonical frame at X and Y.

4. Draw the diagonal XY and construct the point on this 
line the is on the perpendicular line through V;  
This is the circle point associated with W.

5. The points W parameterize the circling point curve.
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Ball’s Point
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The intersection of the inflection circle and the cubic of stationary curvature is the point in the coupler 
that moves on a straight line to the third derivative, which is known as Ball’s Point.

Therefore we seek the points that satisfy both equations,

Combine these equations so 𝐿=𝐶-3x𝛿𝐼, and we obtain the line,

The intersection of this line with the inflection circle is Ball’s Point.  This can be calculated directly to 
obtain,
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Summary
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•  The points in a moving planar body trace curves that have curvature properties defined by the 
motion in the vicinity of a reference position.

•Assume the body moves with constant angular velocity, then the instantaneous acceleration and 
rate of change of acceleration of the velocity pole of the moving body define curvature properties 
of all the trajectories in the body.

•  The Euler-Savary equation defines the location of the center of curvature for each trajectory in 
the body.  And the inflection circle defines those points that have zero curvature in the reference 
position.

•  The cubic of stationary curvature, or circling point curve, is the set of point that have zero 
change of curvature in the reference position.

•  The intersection of the inflection circle and the cubic of stationary curvature defines Ball’s 
Point which is the point with the straightest trajectory in the reference position.


